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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
1. Let log z = log j zj+ i arg z; �� < arg z < � be the principal branch of log :
(a) Show that for any x > 0 and any z 2 C n fx 2 R : x � 0g ; log xz = log x+ log z:
(b) Let H = fz 2 C : Re z > 0g: Show that for any z; w 2 H; log zw = log z + logw:
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Proof. (a) log xz + log jxzj+ i arg xz: Write z = jzj ei arg z and note that x = jxj since x > 0:
Now, xz = jxj jzj ei arg z = jxzj ei arg z =) log xz = log jxzj+ i arg z (�):

Now, log jxzj = log (jxj jzj) = log jxj+ log jzj :
Thus, (�) becomes log xz = (log jxj) + (log jzj+ i arg z) = (log x) + (log z) = log x+ log z:
(b) Let z; w 2 H: Then ��

2 < arg z; argw <
�
2 and so �� < arg z + argw < �:

Write z = jzj ei arg z and w = j wj ei argw:
Then zw = jzj ei arg z jwj ei argw = jzj jwj ei(arg z + argw):
Setting x = jzj and z = jwj ei(arg z + argw) and applying the result in (a), we get that:

log zw = log
�
jzj jwj ei(arg z + argw)

� (a)
= log jzj +

�
log
�
jwj ei(arg z + argw)

��
= log jzj + [log jwj+ i(arg z + argw)] = [log jzj + i arg z ] + [log jwj+ i argw] = log z + logw: �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
2. Let f(z) be an entire function such that f(z) 2 R 8 z with jzj = 1: Show that f(z) is constant.
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Proof. Write f(z) = u(z) + iv(z) for z 2 C: Then both u(z) and v(z) are harmonic functions in C:
By the given, v(z) � 0 on the set @B(0; 1) = fz 2 C : jzj = 1g:
Thus, by the maximum principle for harmonic functions,
v(z) � 0 on the unit disc B(0; 1) = fz 2 C : jzj < 1g:
Thus, f(z) = u(z) on the unit disc B(0; 1) = fz 2 C : jzj < 1g:
Hence, f(z) is real-valued on the unit disc B(0; 1) = fz 2 C : jzj < 1g:
But the open mapping theorem tells us that the image of an open set under a nonconstant analytic
function is an open subset of C: But B(0; 1) is open and f(B(0; 1)) � R and so f(B(0; 1)) is not
an open subset of C: Thus, f(z) must be a constant function. �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
3. Let G = fz 2 C : 0 < Re z < 1g; and let G denote the closure of G in C:
Let f(z) be analytic in G and continuous on G:
Suppose further that f(z) 2 R for any z with Re z = 0 or Re z = 1 and for z 2 G; lim

z�!1
f(z) = 0:

Show that f(z) = 0:
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Proof. Let g1(z) = iz and g2(z) = iz + 1:
Then g1(z) is entire and it takes the real line into the imaginary axis fz : Re z = 0g.
Also, g2(z) is entire and it takes the real line into the line fz : Re z = 1g :
Let '1(z) = f � g1(z) and '2(z) = f � g2(z): Then :
� '1(z) is analytic on G1 = fz : �1 < Im z < 0g ; continuous on G1 = fz : �1 � Im z � 0g ;
and '1(z) 2 R for any z 2 R:
� '2(z) is analytic on G2 = fz : 0 < Im z < 1g ; continuous on G2 = fz : 0 � Im z � 1g ;
and '2(z) 2 R for any z 2 R:
Thus, by Schwartz re�ection principle, we can extend both '1(z) and '2(z) analytically by de�ning:
'1(z) = '1(z) for z 2 G1 and '2(z) = '2(z) for z 2 G2:
Now, by the above, we have the two following facts:
� f(z) = f(g1(g�11 (z)) = '1(g

�1
1 (z)) = '1(�iz) = '1(�iz) = '1(iz)

1



= f � g1(iz) = f(�z) 8 z 2 G:
� f(z) = f(g2(g�12 (z)) = '2(g

�1
2 (z)) = '2(i(1� z)) = '2(i(1� z)) = '2(i(z � 1))

= f � g2(i(z � 1)) = f(2� z) 8 z 2 G:
Thus, f(�z) = f(2� z) 8 z 2 G and so f(z) = f(2 + z) 8 z 2 G:
This means that f can be extended analytically to an entire function which is real on each line of the form
fz : Re z = n 2 Zg : Also, since f(z) = f(2 + z) 8 z 2 G; we get that f(C) = f(G):
Let us now show that f(G) is bounded.
Since we are given that lim

z�!1
f(z) = 0 8 z 2 G; the following statement holds:

For any given � > 0; we can �nd R > 0 such that j f(z)j < � for all jzj > R:
Let S = fz 2 G : �R � Im z � Rg: Then it is not hard to see that j f(z)j < � for all z 2 G n S:
Moreover, S is compact and so we can �nd M > 0 such that j f(z)j < M for all z 2 S:
Thus, j f(z)j < M + � 8 z 2 G:
Hence, j f(z)j < M + � 8 z 2 C and so by Liouville�s theorem, f(z) = constant.
But since lim

z�!1
f(z) = 0 8 z 2 G; we conclude that this constant cannot be anything else but 0.

Therefore, f(z) � 0: �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
4. Let B(0; 1) be the open unit disc. Give an example of a nonzero analytic function in B(0; 1) that has
in�nitely many zeroes in B(0; 1).
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
First solution. Let f(z) = sin( z + 1

z � 1 ): Then f(z) = (sin z) �
�
z + 1
z � 1

�
and so is analytic in Cnf1g:

In particular, f(z) is analytic in B(0; 1): Also, it is clear that f(z) is not identically zero.

Also, f(z) = 0 =) sin( z + 1
z � 1 ) = 0 =)

z + 1
z � 1 = n�; for n 2 Z =) z = n� + 1

n� � 1 , for n 2 Z .
Now, 0 < n� + 1

n� � 1 < 1 =) 0 < 1 + 2
n� � 1 < 1 =) �1 < 2

n� � 1 < 0 =) �1 < n� � 1
2 < �1

=) �1 < n� � 1 < �2 =) �1 < n� < �1 n2Z=) n � �1:
Now, let zn = �n� + 1

�n� � 1 ; n = 1; 2; 3; :::.

Then f(zn) = 0 and jznj =
����n� + 1
�n� � 1

��� < 1 for n = 1; 2; 3; ::::

Note that the z0ns are distinct. �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Second solution. Let fzng be any sequence of points in C such that zn

n�!1�! 1:
For convenience, let us assume that zn 6= 0 8 n = 1; 2; 3; ::::
Say, zn = jznj ei�n for n = 1; 2; 3; ::::
Since the sequence f�ng is countable and the interval [0; 2�] is uncountable, we can �nd �0 2 [0; 2�]
such that �0 6= �n 8 n = 1; 2; 3; ::::
Now, let G = C� frei�0 : r 2 [0;1)g: Then G is open and simply connected.
Thus, by the Riemann mapping theorem, we can �nd a bijective conformal mapping ' : B(0; 1) �! G:

Now, by Weierstrass theorem, since zn
n�!1�! 1; we can �nd an entire function g(z) such that

g(z) = 0 if and only if z = zn; n = 1; 2; 3; ::::
Since g is entire, g is analytic in G and fz 2 G : g(z) = 0g = fzng :
Let f(z) = g(z) � '(z) : B(0; 1) �! C:
Then f(z) is analytic in G; f(z) is not identically zero, and f('�1(zn)) = g(zn) = 0 .
Note that since ' is a bijection, '�1(zn) 6= '�1(zm) 8n 6= m: �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
5. Let 
 be a closed recti�able curve in B(0; 1) and f(z) a function analytic in B(0; 1) such that f(z) 6= 0
for z 2 tr(
): Show that the set A = fa 2 B(0; 1) : f(a) = 0 and n(
; a) 6= 0g is a �nite set.
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Proof. tr(
) is a compact subset of B(0; 1) since it is the continuous image of a compact interval:
Let @B(0; 1) = fz 2 C : jzj = 1g: Then tr(
) \ @B(0; 1) = ? and so by compactness of both, we get
that the distance d(tr(
); @B(0; 1)) = � > 0: Thus, if we choose � > 0 such that 0 < � < � < 1; we would
get that tr(
) � B(0; �): Now, B(0; �) is compact and so the number of zeros of f(z) inside B(0; �)
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must be �nite or else, we would have an in�nite number of zeroes in B(0; �) and so they must converge
to a point in B(0; �) (by compactness), and this would imply by the uniqueness theorem that f(z) must

be identically 0. Thus, the set fa 2 B(0; �) : f(a) = 0 g is �nite (�).
Now, A = fa 2 B(0; 1) : f(a) = 0 and n(
; a) 6= 0g
since tr(
) � B(0;�)

= fa 2 B(0; �) : f(a) = 0 and n(
; a) 6= 0g � fa 2 B(0; �) : f(a) = 0 g (�)= a �nite set.
Hence, A is a subset of a �nite set and so it must be �nite. �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
6. Each of the following functions f has an isolated singularity at z = 0: Determine its nature; if it
is a removable singularity de�ne f(0) so that f is analytic at z = 0; if it is a pole �nd the singular
part; if it is an essential singularity just state it.
(a) f(z) = sin z

z (b) f(z) = cos z
z (c) f(z) = cos z � 1

z (d) f(z) = e
1
z (e) f(z) = log(z+1)

z2

(f) f(z) = cos(z�1)
z�1 (g) f(z) = z2+1

z(z�1) (h) f(z) = 1
1�ez (i) f(z) = z sin 1

z (j) f(z) = zn sin 1
z .

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Solution. (a) limz!0

sin z
z

L0Hopital
= limz!0

cos z
1 = cos 0 = 1:

Therefore, the singularity at z = 0 is removable and we de�ne f(0) = 1:

(b) limz!0
cos z
z =1 and so there is a pole at z = 0:

Now, cos zz = 1
z

1X
n=0

(�1)nz2n
(2n)! =

1X
n=0

(�1)nz2n�1
(2n)! = 1

z + {analytic function}.

Therefore, the pole at z = 0 is a simple pole and the singular part is 1
z :

(c) limz!0
cos z � 1

z

L0Hopital
= limz!0

� sin z
1 = � sin 0 = 0:

Therefore, the singularity at z = 0 is removable and we de�ne f(0) = 0:

(d) f(z) = e
1
z =

1X
n=0

1
n!zn and so we have an in�nite number of nonzero terms in the singular part.

Therefore, the singularity at z = 0 is essential.

(e) limz!0
log(z+1)

z2
L0Hopital
= limz!0

1
2z(z+1) =1 and so there is a pole at z = 0:

Thus, f(z) = log(z+1)
z2 = a�n

zn + :::+ a�1
z + a0 + a1z + a2z

2 + ::::
Now, a�n = limz!0 z

nf(z) = limz!0

�
zn�2 log(z + 1)

�
= 0 unless n = 1:

For n = 1; we get that limz!0 zf(z) = limz!0

h
log(z+1)

z

i
L0Hopital
= limz!0

1
(z+1) = 1:

That is, f(z) = log(z+1)
z2 = 1

z + a0 + a1z + a2z
2 + ::::

Therefore, the pole at z = 0 is a simple pole and the singular part is 1
z :

(f) f(z) = cos(z�1)
z�1 = z cos( 1z ) = z

1X
n=0

(�1)n
(2n)!z2n =

1X
n=0

(�1)n
(2n)!z2n�1 and so we have an in�nite number

of nonzero terms in the singular part. Therefore, the singularity at z = 0 is essential.

(g) f(z) = z2+1
z(z�1) =

�2
1�z �

1
z + 1

jzj<1
= �2

 1X
n=0

zn

!
� 1

z + 1 = �
1
z+ {analytic function}.

Therefore, the pole at z = 0 is a simple pole and the singular part is �1
z :

(h) limz!0
1

1�ez =1 and so there is a pole at z = 0:
Thus, f(z) = 1

1�ez =
a�n
zn + :::+ a�1

z + a0 + a1z + a2z
2 + ::::

Now, for n � 1; a�n = limz!0 z
nf(z) = limz!0

h
zn

1�ez

i
L0Hopital
= limz!0

h
nzn�1

�ez

i
= 0 unless n = 1:

For n = 1; we get that limz!0 zf(z) = limz!0

h
z

1�ez

i
L0Hopital
= limz!0

1
�ez = �1:
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That is, f(z) = 1
1�ez =

�1
z + a0 + a1z + a2z

2 + ::::

Therefore, the pole at z = 0 is a simple pole and the singular part is �1
z :

(i) f(z) = z sin 1
z = z

1X
n=0

(�1)n
(2n+1)!z2n+1 =

1X
n=0

(�1)n
(2n+1)!z2n and so we have an in�nite number of nonzero

terms in the singular part.
Therefore, the singularity at z = 0 is essential.

(j) f(z) = zn sin 1
z = z

n

1X
m=0

(�1)m
(2m+1)!z2m+1 =

1X
n=0

(�1)m
(2m+1)!z2m�n+1 and so we have an in�nite number of

nonzero terms in the singular part for any n 2 Z.
Therefore, the singularity at z = 0 is essential 8n 2 Z: �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
7. Let f(z) = 1

z(z�1)(z�2) ; give the Laurent expansion of f(z) in each of the following annuli:
(a) ann (0; 0; 1) (b) ann (0; 1; 2) (c) ann (0; 2; 1).
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Solution. First, we use partial fractions to get f(z) = 1

z(z�1)(z�2) =
1
2z �

1
z�1 +

1
2(z�2) :

(a) ann (0; 0; 1) = fz 2 C : 0 < jzj < 1g:

Thus, f(z) = 1
2z �

1
z�1 +

1
2(z�2) =

1
2z +

1
1� z �

1

4(1� z
2 )

jzj<1
= 1

2z +

 1X
n=0

zn

!
� 1

4

 1X
n=0

zn

2n

!

= 1
2z +

 1X
n=0

zn

!
�
 1X
n=0

zn

2n+2

!
= 1

2z +
1X
n=0

�
1� 1

2n+2

�
zn:

(b) ann (0; 1; 2) = fz 2 C : 1 < jzj < 2g:

Thus, f(z) = 1
2z �

1
z�1 +

1
2(z�2) =

1
2z �

1
z(1� 1

z )
� 1

4(1� z
2 )

1<jzj<2
= 1

2z �
 
1
z

1X
n=0

1
zn

!
� 1

4

 1X
n=0

zn

2n

!

= 1
2z �

1X
n=0

1
zn+1 �

1X
n=0

zn

2n+2 = :::+
1
z3 +

1
z2 �

1
2z �

1X
n=0

zn

2n+2 :

(c) ann (0; 2; 1) = fz 2 C : 2 < jzj <1g:

Thus, f(z) = 1
2z �

1
z�1 +

1
2(z�2) =

1
2z �

1
z(1� 1

z )
+ 1

2z(1� 2
z )

jzj>2
= 1

2z �
 
1
z

1X
n=0

1
zn

!
+

 
1
2z

1X
n=0

2n

zn

!

= 1
2z �

 1X
n=0

1
zn+1

!
+

 1X
n=0

2n�1

zn+1

!
= 1

2z +

 1X
n=0

(2n�1�1)
zn+1

!
=

1X
n=2

(2n�1�1)
zn+1 : �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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