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1. Let logz =log| z| + iargz, —m < arg z < m be the principal branch of log.
(a) Show that for any 2 > 0 and any z € C \ {z € R:z <0}, logzz = logx + log 2.
(b) Let H = {z € C: Rez > 0}. Show that for any z,w € H, log zw = log z + log w.

targ z

Proof. (a) logzz = log|zz| +iargzz. Write z = || e and note that =z = |z| since z > 0.

iargs — |pz| eiver — [logaz = loglaz| + darg z 7).

Now, zz = |z||z] e

Now, log |v2| = log (|| |2]) = log 2| +log|2|.

Thus, () becomes logzz = (log |z|) + (log|z| + iargz) = (log z) + (log 2z) = logz + log 2.
(b) Let z,w € H. Then —F < argz, argw < § andso —7 <argz+argw < 7.

Write z = |2| €87 and w = | w| e'*&".

Then zw = |Z’ eiargz ‘UJ‘ eiargw — ‘Z’ ’w‘ ei(au“gz + argw).

Setting © = |z| and z = |w| (®8* + a18w) and applying the result in (a), we get that:

log zw = 10g(|z| |w] eilargz + argw)) (i) log|2| + [log (|w| cilargz + argw)
=log|z| + [log|w|+i(argz + argw)] = [log|z| +iargz |+ [log|w|+ iargw] =logz + logw. M

2. Let f(z) be an entire function such that f(z) € R V z with |z| = 1. Show that f(z) is constant.

Proof. Write f(z) = u(z) +iv(z) for z € C. Then both u(z) and v(z) are harmonic functions in C.
By the given, v(z) = 0 on the set 0B(0,1) ={z € C: |z| = 1}.

Thus, by the maximum principle for harmonic functions,

v(z) = 0 on the unit disc B(0,1) ={z € C: |z| < 1}.

Thus, f(z) = u(z) on the unit disc B(0,1) ={z € C: |z| < 1}.

Hence, f(z) is real-valued on the unit disc B(0,1) ={z € C: |z| < 1}.

But the open mapping theorem tells us that the image of an open set under a nonconstant analytic
function is an open subset of C. But B(0,1) is open and f(B(0,1)) C R and so f(B(0,1)) is not
an open subset of C. Thus, f(z) must be a constant function. M

3. Let G ={z € C:0 <Rez < 1}, and let G denote the closure of G in C.

Let f(z) be analytic in G and continuous on G. o

Suppose further that f(z) € R for any z with Rez =0or Rez =1 and for z € G, lim f(z) =0.
zZ—>00

Show that f(z) = 0.

Proof. Let g1(z) =iz and go(z) =iz + 1.

Then g1(z) is entire and it takes the real line into the imaginary axis {z : Re z = 0}.

Also, g2(z) is entire and it takes the real line into the line {z: Rez = 1}.

Let ¢,(2) = fogi(z) and ¢y(z) = f o ga(2). Then : o

- p1(2z) is analytic on G; = {z: —1 <Imz < 0}, continuous on G; = {z: —1 <Imz < 0},
and ¢, (z) € R for any z € R.

- py(2) is analytic on G5 = {2z :0 < Imz < 1}, continuous on G5 = {z:0 <Imz < 1},
and ¢,(2) € R for any z € R.

Thus, by Schwartz reflection principle, we can extend both ¢, (z) and ¢,(z) analytically by defining:
©1(Z) = p1(2) for z € G and y(Z) = @y(2) for z € Gs.

Now, by the above, we have the two following facts:

- f(2) = flor(gr ' (2) = @1(91 ' (2) = @1 (—iz) = o1 (—iz) = 9, (i2)




=fogi(iz) = f(-2) VzeQq.

- f(2) = f92(95 1 (2)) = a(g5 ' (2)) = 92 (i1 = 2)) = @ (i(1 = 2)) = o (i(z — 1))
=fog(i(z—1))=f(2—2) Vzed.

Thus, f(—2)=f(2—2) Vz€G andso f(z)=f(2+2) VzedG.

This means that f can be extended analytically to an entire function which is real on each line of the form

{z:Rez=mn € Z}. Also, since f(z)=f(2+2) Vz¢eG,wegetthat f(C)= f(G).

Let us now show that f(G) is bounded.

Since we are given that Zli;noo f(z) =0 V z € G, the following statement holds:

For any given € > 0, we can find R > 0 such that | f(z)| < e for all |z| > R.

Let S={2€ G: —R <Imz < R}. Then it is not hard to see that | f(z)| <e forall z€ G \ S.
Moreover, S is compact and so we can find M > 0 such that | f(z)| < M forall z€ S.

Thus, | f(2)] < M +¢ V2€G.

Hence, | f(z)] < M +€ V z€ C and so by Liouville’s theorem, f(z) = constant.

But since lim f(z) =0 V z € G, we conclude that this constant cannot be anything else but 0.

zZ—>00

Therefore, f(z) =0. N

4. Let B(0,1) be the open unit disc. Give an example of a nonzero analytic function in B(0, 1) that has
infinitely many zeroes in B(0, 1).

First solution. Let f(z) = sin(2t3). Then f(z) = (sinz)o (z - 1) and so is analytic in C\{1}.

z — 1

In particular, f(z) is analytic in B(0, 1). Also, it is clear that f(z) is not identically zero.
Also, f(2) =0 =sin(3t4)=0 = X1 =nrx, foon€Z = |z=22+1 forneZ|

z — z — 1 nmt — 17

2

Now,0< 2+l e 1 —=0<1+ 2 -<1= -1< <0= -oco< -1 <]

nw — 1 nw — 1 nw — 1
= —oco<nrt — 1< -2= —c0o<nr <—1gn§—1.
Now, let z, = == * i, n=123,...

Then f(z,) =0 and |z,| = ‘%‘ <1 forn=123,...
Note that the 2] s are distinct. |

Second solution. Let {z,} be any sequence of points in C such that z, "—= oc.

For convenience, let us assume that z, #0 Vn=1,2,3,...

Say, zp, = |zn| € forn=1,2,3,....

Since the sequence {6,,} is countable and the interval [0, 2] is uncountable, we can find 6y € [0, 27|
such that 0y #60,, Vn=1,23,...

Now, let G = C — {re? : 7 € [0,00)}. Then G is open and simply connected.

Thus, by the Riemann mapping theorem, we can find a bijective conformal mapping ¢ : B(0,1) — G.
Now, by Weierstrass theorem, since z, "—- oo, we can find an entire function g(z) such that

g(z) =0 ifand only if z=12,, n=1,23, ...

Since g is entire, ¢ is analytic in G and {z € G : g(z) = 0} = {2, } .

Let f(2) = g(2) op(z): B(0,1) — C.

Then f(z) is analytic in G, f(2) is not identically zero, and f(p~1(2,)) = g(2) =

Note that since ¢ is a bijection, o= *(2,) # ¢ 1 (2mn) Vn#m. N

5. Let v be a closed rectifiable curve in B(0,1) and f(z) a function analytic in B(0,1) such that f(z) # 0
for z € tr(y). Show that the set A = {a € B(0,1) : f(a) =0 and n(~v,a) # 0} is a finite set.

Proof. tr(7) is a compact subset of B(0,1) since it is the continuous image of a compact interval.
Let 0B(0,1) ={z € C: |z| = 1}. Then tr(v) N9B(0,1) = & and so by compactness of both, we get
that the distance d(tr(y),9B(0,1)) = ¢ > 0. Thus, if we choose € > 0 such that 0 < § < e < 1, we would
get that tr(vy) C B(0,¢). Now, B(0,¢€) is compact and so the number of zeros of f(z) inside B(0,€)




must be finite or else, we would have an infinite number of zeroes in B(0, €) and so they must converge
to a point in B(0,¢) (by compactness), and this would imply by the uniqueness theorem that f(z) must

be identically 0. Thus, |the set {a € B(0,¢) : f(a) =0 } is finite [*).
Now, A ={a € B(0,1) : f(a) =0 and n(v,a) # 0}

since tr(0) < B0 {a € B(0,¢) : f(a) =0 and n(v,a) #0} C{a € B(0,¢) : f(a) =0} “ 4 finite set.
Hence, A is a subset of a finite set and so it must be finite. W

6. Each of the following functions f has an isolated singularity at z = 0. Determine its nature; if it
is a removable singularity define f(0) so that f is analytic at z = 0; if it is a pole find the singular
part; if it is an essential singularity just state it.

(a) f(z) =222 (b) [(2) = <22 (0) [(2) = =2=1 (d) J(x) =e* (o) f() = “E5H
() f(z) = 52 () f(2) = 225 () f(2) = 2= (1) f(2) =zsinl () f(z) = 2"sinl.

sin z L’ Hopltal

Solution. (a) lim,_.g £ =cos0=1.
Therefore, the smgularlty at z = 0 is removable and we define f(0) = 1.

(b) lim, o “2% = oo and so there is a pole at z = 0.
oo

Now, 52 = 1 (_(12);:;2" Z = 1();1)2,” : =1+ {analytic function}.

Therefore, the pole at z =0 is a SImple pole and the singular part is %
cosz — 1 L'Hﬂ)ital .

(c) lim, o ~ lim,_,g % = —sin0 = 0.
Therefore, the singularity at z = 0 is removable and we define f(0) = 0.

oo
(d) f(z) = er = Z n!lzn and so we have an infinite number of nonzero terms in the singular part.

n=0
Therefore, the singularity at z = 0 is essential.

log(z+1) L'H@ital I

(e) lim,_o 20 m = oo and so there is a pole at z = 0.

Thus, f(z) = M SE 4+ tagtarz+az®

22

Now, a_,, = lim,_,¢ z f(z) = lim,_,q Tz”_Q log(z + 1)] =0 unless n = 1.

For n =1, we get that lim,_ o zf(z) = lim,_ [%] Ltopital lim,_.q (Z%l) =1.

That is, f(z) = log(z%ﬂ) =ltatarz+az®+ ...

Therefore, the pole at z = 0 is a simple pole and the singular part is %

) f(z) = COS(Z D= zcos(1) =z é;ﬁ;n = (2755;22,1 and so we have an infinite number

of nonzero terms in the singular part. Therefore, the singularity at z = 0 is essential.

[o.¢]
(g) f(z) = Z‘?Z'ﬁ) = = 1 =t (Z z”) — 1 +1=—14 {analytic function}.
Therefore, the pole at z = 0 is a simple pole and the singular part is =t.
(h) lim._ ;= = oo and so there is a pole at z = 0.

1 a_ a_
Thus, f(2) = 7= = S5 4+ ..+ S+ a0+ a1z + a2’ + ...
’ .
ey L'Hopital ;. nzt—1
1—ez :| = hmz—>0 ez
> } L/Hﬂ)ital .

1 _
T lim, .o =z = —1.

Now, forn > 1, a_,, =lim,_0 2" f(z) = lim,_q [ } =0 unlessn =1.

For n =1, we get that lim, o zf(z) = lim,_, [



That is, f(2) = s = = +ap+ a1z + a22? + ...

EZ
Therefore, the pole at z = 0 is a simple pole and the singular part is =*.
oo o0
(i) f(z) =zsinl ==z W = m and so we have an infinite number of nonzero
n=0 n=0
terms in the singular part.

Therefore, the singularity at z = 0 is essential.

o0

() f(z) =2"sinl =2" Z (2m+1§,z2m+1 = W and so we have an infinite number of
n=0
nonzero terms in the smgular part for any n € Z.

Therefore, the singularity at z = 0 is essential Vn € Z. N

7. Let f(z) = m; give the Laurent expansion of f(z) in each of the following annuli:
(a) ann (0; 0, 1) (b) ann (0; 1, 2) (c) ann (0; 2, o0).

1 1

Solution. First, we use partial fractions to get f(z) = m =5 -+ 3G-2)"

(a) ann (0; 0, 1)={z€ C:0 < |2| < 1}.

|Z|<1 > n > P
Thus, f(2) = 3; — 77 + 36— = 2= + 112_4(1—1%) - 21z+<zz)_‘11(22">
:21Z+(Zzn><z 2n+2) 2Z+Z 2n+2

n=0 n=0

(b) ann (0; 1, 2) ={z € C:1< |z| < 2}
_ 1 1 11 1 1 I<[E<2 Bl e
T 6= & - 2 =ty - (152 1 (S)

o
=% E, g =ttt T ) e

(c) ann (0; 2, c0) ={z€ C:2 < |z| < oc0}.

_ 1 1 1 1 1 1 \|>21 1OO 1 Oo2"
Thus, fz) =~ =+ em ==~ Zan Y ap 9 B <z§:z"> ( )
n=0 n=0
- = -1 - on—t_q on—t_q
_21,2_(5 Zn1+1)+< ;H)—le-l-( (zn+:)> g (Zn+:)' |

n=0 n=0 n=0




