Proposition 3.1.6 Let O cC RY have C? boundary and be geometrically convex. Then € is weakly convex.

Proof. Let p be a C? defining function for Q, i.e., p(z) < 0 for z € Q, p(z) > 0 for z € Q°, and Vp(z) # 0
for all x € 092. To show that € is weakly convex, we have to show that VP € 012, the real Hessian,

(82282;@ (P)) L<inen ] is positive semi-definite V w € Tp (09) .
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So, let P € 90 and w € Tp (02) be given.
Define Q : R — Tp (092) C RV by
Q(t) =P+ tw
Then Q(0) = P, Q'(0) = w, and Q"(t) =0 for all t € R.
Now, since € is geometrically convex, Tp (092) N2 = @. Thus, p(w) > 0 for all w € Tp (092) .
Consider the function po @) : R — R. Then we have the following:
(i) (po Q) (t) >0 for all t € R. In particular, (po Q) (0) = 0. Thus, p o @ has a minimum at ¢ = 0.

(it) (po Q) (0) = Vp(Q(0)) - Q'(0) = Vp(P) - w = 0 since w € Tp (99).

(iii) (po@)" (0) = ((323’” P
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=0 since Q"' (¢t)=0 VtER.
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Thus, to finish, we need to prove that (p o @)” (0) > 0. This is an elementary fact from calculus:
"If f € C%(R) has a minimum at z = 0, and f(0) = 0, then f”(0) >0."

Proof. Suppose f”(0) < 0. Since f” is assumed to be continuous, we can find € > 0 : f(z) < 0 Vz € (—¢,¢).

Thus, by Taylor’s theorem, in (—¢,€), f(x) = f(0) + f(0)x + %a@ for some £ between z and 0.

But f(0) =0, and f’(0) = 0 (since f has a minimum at 0) = f(z) = %:@ for some £ between z and 0.

Since f”(£) < 0, we conclude that f(z) < 0 for all x € (—¢,€) \{0}, a contradiction to the fact that f has
a minimum at 0. Thus, f/(0) >0. W
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Therefore, (po Q)" (0) = Z %(P)w]wk > 0, and so € is weakly convex. W
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