Lewy’s Example

Theorem. Let L denote the linear first order differential operator L = 2% — 2iz%, where z =x + iy € C
and t € R. Let f be a continuous real valued function depending only on . Suppose that u = u(z,t) is a C!
function satisfying Lu = f in some neighborhood of the origin in R3. Then f is analytic at ¢ = 0.

/1)
Proof. Lu = f = gg(z t) —iz at( t) =3/t o Suppose that u is a solution of (1) in the region

G ={(z2,t) €CxR:|z| < Rand |t| < R} for some R > 0. Write z = re?’ and set s = 2.
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For [t < Rand 0 <r < R, let V(t,r) = / u(z,t)dz = /u(rew,t)irewdﬁ = ir/u(rew,t)ewdﬂ.
|z[=r 0 0
27 27
Hence, %‘;:i/ (re? t)e Zed@—&—zr/a (re?? t)e?dh =1y + Is.
0
27 27
- By integration by parts, I = u(rew, t)ew]%” — / %(rew, t)ewdt? =0- / [%% + g;‘ gg] e?de
0 0
2 2 2
= —/ [27;17“6“9 + g;(—ire*ie)] efd = —ir/ g—;‘ei%dﬁ + ir/ %d@.
0 0 0
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- On the other hand, I, —zr/g (re? t)e?df = 27’/ [Gudz 4 Suiz] eifgh = ir/ [Gue® 4 Tue=if] et qp
0 0 0
27
= ir /3“ zQ%zeer«/f’ude.
0
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Hence, 2% =1, + 1, :2z'r/ggd9:2z'r / 9u(z,t)% = 2r / 94 (z,t) 4%
0 |z|=r |z|=r
Thus, for 0 < s < R? and |t| < R, one has that (since s = 72, %—‘7{ = %—‘S/gi 2r %Z)
ov _ 190V _ 1 ou dz __ ou dz@
Yo —do [ 2ent- [ 2eoeQ [ [B3eo+ i)
|z|=r |z|=r |z|=r

= / [i%(z,t)%—if(t)]dz: /zat(z t)dz + / i (t)dz = z/%@‘(z tydz | + %f(t) / %dz
|z|="r |z|="r |z|=r |z|=r |z|="r

Zi%‘f(tvr)Jréf()(?m) i[Gr(tr) +mf(t)] .
If one sets F'(t /f Ydr, w =t +is, and U(t,s) = V(t,s) + 7F(t), then one gets that F'(t) = f(t)

and that for 0 < s < R*and |t| <R, 8% = 1 (9L +4i9%) = L ([&F + nf(t)] +i[2%])
2 ([5 +mf@®] +i[i [57 +mf@)]]) = 0.
Hence, U is holomorphic in the region H = {(¢,s) : [t| < R, and 0 < s < R?}
Moreover, U is continuous up to the line s = 0 since 1iI(I]1+U(t, s)=V(t,0)+7F(t) =0+ 7F(t) = nF(t).

Note that U(t,0) = mF(t) which is real valued. Hence, U € O(H) and U is real on the real axis from

t = —R to t = R. Hence, by the Schwartz Reflection Principle, U extends holomorphically to the region
H* ={(t,s): |t| <R, and |s| < R*} by defining U(¢t, —s) = U(t,s) for all 0 < s < R2.

Thus, U(t, s) is holomorphic at (0,0) and so U(t,0) is real analytic at t = 0. But U(¢,0) = 7w F(t).
Hence, F'(t) is real analytic at ¢ = 0 and so is F'(t) = f(¢t). W




