
Lewy�s Example
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Theorem. Let L denote the linear �rst order di¤erential operator L = 2 @@z � 2iz

@
@t ; where z = x+ iy 2 C

and t 2 R: Let f be a continuous real valued function depending only on t: Suppose that u = u(z; t) is a C1
function satisfying Lu = f in some neighborhood of the origin in R3: Then f is analytic at t = 0:
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G = f(z; t) 2 C� R : jzj < R and jtj < Rg for some R > 0: Write z = rei� and set s = r2:
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Thus, for 0 � s < R2 and jtj < R; one has that (since s = r2; @V@r =
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If one sets F (t) =

tZ
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f(�)d� ; w = t+ is; and U(t; s) = V (t; s) + �F (t); then one gets that F 0(t) = f(t)

and that for 0 < s < R2 and jtj < R; @U@w =
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Hence, U is holomorphic in the region H =
�
(t; s) : jtj < R; and 0 < s < R2

	
:

Moreover, U is continuous up to the line s = 0 since lim
s!0+

U(t; s) = V (t; 0) + �F (t) = 0 + �F (t) = �F (t):

Note that U(t; 0) = �F (t) which is real valued. Hence, U 2 O(H) and U is real on the real axis from
t = �R to t = R: Hence, by the Schwartz Re�ection Principle, U extends holomorphically to the region
H+ =

�
(t; s) : jtj < R; and jsj < R2

	
by de�ning U(t;�s) = U(t; s) for all 0 < s < R2:

Thus, U(t; s) is holomorphic at (0; 0) and so U(t; 0) is real analytic at t = 0: But U(t; 0) = �F (t):
Hence, F (t) is real analytic at t = 0 and so is F 0(t) = f(t): �
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